Transported mediation effects may contribute to understanding how and why interventions may work differently when applied to new populations. However, we are not aware of any estimators for such effects. Thus, we propose several different estimators of transported stochastic direct and indirect effects: an inverse-probability of treatment stabilized weighted estimator, a doubly robust estimator that solves the estimating equation, and a doubly robust substitution estimator in the targeted minimum loss-based framework. We demonstrate their finite sample properties in a simulation study.
Introduction
Often, an intervention, program, or policy that works in one place or population fails to replicate in another place or population (21) or can even have unintended harmful effects (6) . This is problematic from a public policy or public health perspective in that the goals of such interventions are to help-not harm, and problematic from a financial perspective in that limited resources may be not be spent optimally.
When such initiatives fail to replicate or have unintended effects in new populations, transportability theory and methods offer a chance to understand why. Transportability is the ability (based on identifying assumptions) to transport a causal effect from a source population to a new, target population, accounting for differences between the two populations (e.g., differences in compositional factors, treatment adherence, etc.) (16). Previous work developed estimators to transport total effects from a source to target population (20) or, similarly, to generalize effects from a sample to the population (4, 5, 13, 23) .
In some cases, examining transportability of the total effect may shed light on reasons for lack of replication. However, in other cases, transporting the total effect may not identify the relevant differences and it may be beneficial to go further and examine transportability of the underlying mediation mechanisms. Although there has been work on the identification on transported indirect effects (2, 16), we are not aware of any previous work developing estimators for transporting mediation effects (direct and indirect effects) from a source to target population. Thus, we address this research gap by proposing several different estimators of stochastic direct and indirect effects: an inverse-probability of treatment stabilized weighted estimator, a doubly robust estimator that solves the estimating equation, and a doubly robust substitution estimator in the targeted minimum loss-based framework.
The paper is organized as follows. In Section 2, we introduce notation and the structural equations model generating our data. In Section 3, we define the parameters of interest, the transported stochastic direct and indirect effects, and give identification results. Sections 4, 5, and 6, detail an inverse-probability of treatment weighted estimator, an estimating equation estimator, and a targeted minimum loss-based estimator for estimating these transported stochastic direct and indirect effects. In Section 7, we present the results of simulation studies that demonstrates the relative performance of the aforementioned estimators in finite samples. Section 8 concludes.
Notation and structural equations model
The full data is generated by a structural equations model (SEM) (17, 26), which consists of the data generating process to which we would like to have access. The SEM first generates a random draw of a vector U of unknown measurements (15) , where U = (U S , U W , U A , U Z , U M , U Y ) ∼ P U . Then our variables are generated in the following time ordering:
where S is a binary indicator of site, W is a vector of covariates, A is a binary treatment, Z is a binary intermediate variable, M is a binary mediator, and Y is a binary or continuous outcome. The SEM generates the full data as (U, O) ∼ P U O ∈ M F , our full-data statistical model. If we had access to the SEM, we could generate potential (i.e., counterfactual) outcomes (14, 18) , which define our causal parameters of interest. We observe data O = (S, W, A, Z, M, S × Y ) for n participants, with the true distribution O 1 , ..., O n iid ∼ P O ∈ M, our observed data statistical model. Note, we will only observe the outcome, Y , for site S = 1.
We consider a structural causal model for these data aligned with our motivating example in which A is an instrumental variable (IV) (1) , which puts several restrictions on the statistical model, M, where M is the collection of probability distributions under which the causal quantities of interest are identified-we define and identify such quantities in the following section. The restrictions are: 1) A is randomly assigned (possibly conditional on (W, S)), and 2) there is no direct effect of A on M or of A on Y -downstream effects of A only operate through Z (22). However, the methods we propose can be used in the more general case where A directly affects M and/or Y ; we discuss such an extension in the appendix.
In our notation, we use lowercase letters to denote fixed, assignment values of variables and uppercase letters to denote observed values. We use subscripts for descriptive purposes-subscripts are not to be considered a variable. For instance, we use a capital letter in p Y , the conditional density of Y , because it is a density of the random variable Y .
Parameters of interest
We consider two causal quantities of interest that we call transported stochastic direct and indirect effects. These causal quantities represent stochastic direct and indirect effects (22, 25) transported from a source population to a new, target population. Stochastic direct and indirect effects, also called randomized interventional direct and indirect effects (25), represent the 1) direct effect of A on Y not through M and the 2) indirect effect of A on Y through M. As has been described previously (19), one can consider versions of these effects that condition on Z and thus estimate the indirect pathway of A to M to Y , not through Z (27), or versions that marginalize over Z and thus estimate the combined indirect pathways of 1) A to Z to M to Y plus 2) A to M to Y (22, 25). Adhering to the IV constraints on our statistical model, no effect operates through pathway A to M to Y , so we focus herein on the versions of these effects that marginalize over Z. Previously, such a stochastic intervention on M has been defined (22, 25) g
Identifiability
To identify the stochastic direct effect and stochastic indirect effect we will need to impose additional assumptions on M F and M, listed below.
1. Positivity: For all S and W we need a positive probability of assigning any level of A. For all combinations of S, W, and A = a, we have a positive probability of any level of Z. For S = 1 and all combinations of Z and W we need a positive probability of any level of the mediator, M.
Common outcome model across sites: E [Y | M, Z, W, S = 1] = E [Y | M, Z, W, S = 0].
The null hypothesis of a common outcome model may be tested nonparametrically (12) .
3. Sequential Randomization: Y am ⊥ A | W, S and Y am ⊥ M | W, Z, S. This is akin to a two-time point longitudinal intervention where at the first time point, we statically intervene to set the treatment, A = a, and at the second time point, we stochastically intervene on the mediator, M. The proof is in the appendix.
Stabilized Inverse probability of treatment weighted estimator
First, we describe a stabilized inverse probability of treatment weighted (IPTW) estimator of Ψ(P ). The R code to implement this estimator is provided in the appendix. We describe model fitting using regression language for simplicity but note that machine learning can be used instead. We will use the knowledge of our smaller model, M, with restrictions detailed in Section 2, so do not include A in the regression model for M. We use the weights 
g M |a * ,W,s (M|W ) is a data-dependent stochastic intervention on M, which can be estimated g M |a * ,W,s (M|W ) = 1 z=0 P (M = 1|Z = z, W, S = s)P (Z = z|A = a * , W, S = s). P (M = 1|Z = z, W, S = s) can be estimated using a logistic regression estimating the probability of M = 1 given Z, W , and S and thereby getting predicted probabilities for M = 1 setting S = s and separately setting Z = 1 and Z = 0. P (Z = z|A = a * , W, S = s) can be estimated using a logistic regression estimating the probability of Z = 1 given A, W , and S and thereby getting predicted probabilities for Z = 1 and for Z = 0, setting A = a * and S = s and using observed values for W . We note that marginalizing out Z introduces dependence on A.
The stabilized IPTW estimate of Ψ(P ) is the empirical mean of Y weighted bŷ H n (M, Z, A, W, S), stabilized by the empirical mean ofĤ(M, Z, A, W, S):
whereĤ n is an approximation of H(M, Z, A, W, S). The standard error of the stabilized IPTW estimator is calculated as the sample standard deviation of the approximation of the IPTW influence curve of Ψ(P ), given by
The stochastic direct effect (SDE) entails setting a * to 0 and taking the difference in estimates between setting a to 1 and setting a to 0. The corresponding influence curve approximation is a difference of the influence curve approximation for the parameter defined by setting a * = 0, a = 1 and the influence curve approximation for the parameter defined by setting a * = 0, a = 0. The stochastic indirect effect (SIE) entails setting a = 1 and then taking the difference in estimates between setting a * = 1 and a * = 0. The corresponding influence curve approximation is again a difference of the two influence curve approximations (one for parameter defined by setting a * = 1, a = 1 and the other for a * = 0, a = 1). For each estimator, we used the sample standard deviation of their respective influence curve approximations, divided by √ n for the standard error estimate.
Estimating equation estimator
Next, we describe two estimating equation (EE) estimators of Ψ(P ): 1) one that incorporates the exclusion restrictions on our statistical model, M, that there is no direct effect of A on M or of A on Y , and 2) another that does not impose those restrictions. The R code to implement these estimators is provided in the appendix. We describe model fitting using regression language for simplicity but note that machine learning can be used instead.
Estimator incorporating exclusion restrictions
This EE estimator solves the efficient influence curve (EIC) equation of the parameter Ψ(P ) for the restricted model where M and Y do not depend directly on A. This EIC is given by
, where
,
, and
We reiterate that this EIC is only efficient for model with the exclusion restrictions. We approximate D Y (P ) as follows. First, we estimate E [Y | M, Z, W ] asQ Y,n (M, Z, W ), which can be calculated using predicted values from a regression of Y on M, Z, W among those with S = 1. p Z (Z|W, S = 1) can be calculated p Z (Z|W, S = 1) = 1 a=0 P (Z = 1|A = a, W, S = 1)P (A = a|W, S = 1). Each of the remaining probabilities in D Y (P ) can be calculated using predicted probabilities from a logistic regression of the relevant conditional mean outcome models for M, Z and S, as described in the stabilized IPTW estimator section. Estimation ofĝ M |a * ,W,s (M|W ) is also described in the stabilized IPTW estimator section.
We next approximate D Z (P ). To do so, we apply the stochastic intervention on
Specifically, we can generate predicted values ofQ Y,n (1, Z, W ) andQ Y,n (0, Z, W ) and then marginalize overĝ m|a * ,W,s (M|W ):
. Next, we estimatē Q Z,n (a, W, S) by regressingQ M,n (Z, W, S) on A, W, and S, and getting predicted values setting A = a.
The estimate of Ψ(P ) is obtained by solving 1 n iD n (O i ) = 0, whereD Ψ,n is the EIC approximation as computed above. The variance of the EE estimate is the sample variance of the EIC approximation. The SDE, SIE, and their corresponding ICs and standard errors can be calculated as described in the stabilized IPTW estimator section. The conditions for consistency and asymptotic efficiency of this estimator are discussed in the appendix.
Estimator not imposing exclusion restrictions
This EE estimator solves the efficient influence curve (EIC) equation of the parameter Ψ(P ) for the unrestricted model where M and Y may depend directly on A. It will be inefficient under the restricted model where M and Y do not depend directly on A. This EIC is given by
We approximate
, which can be calculated using predicted values from a regression of Y on M, Z, A, W among those with S = 1. Each of the probabilities in D Y (P ) can be calculated using predicted probabilities from a logistic regression of the relevant conditional mean outcome models for M, Z, A, and S.ĝ M |a * ,W,s (M|W ) can be estimatedĝ M |a * ,W,s (M|W ) = 1 z=0 P (M = 1|Z = z, A = a * , W, S = s)P (Z = z|A = a * , W, S = s). We next approximate D Z (P ). To do so, we apply the stochastic intervention 1 m=0Q Y,n (m, Z, A, W )ĝ m|a * ,W,s (m|W ). Next, we estimateQ Z,n (a, W, S) by regressingQ M,n (Z, A, W, S) on A, W, and S, and getting predicted values setting A = a.
Targeted minimum loss-based estimator
We now describe how to estimate Ψ(P ) using targeted minimum loss-based estimation (TMLE). This estimation approach, which is just one of several TMLE approaches that could be used, uses sequential regression, updating the conditional outcome model at each stage to both solve the EIC equation while also lowering the empirical negative log-likelihood loss. The process is identical to a two time-point longitudinal intervention (10) . Similar to the EE estimator section, we describe two TMLE estimators of Ψ(P ): 1) one that incorporates the exclusion restrictions on our statistical model, M, that there is no direct effect of A on M or of A on Y , and 2) another that does not impose those restrictions. We include R code for these estimators in the appendix. As in the previous sections, we describe model fitting using regression language for simplicity but note that machine learning can be used instead.
Estimator incorporating exclusion restrictions
This TMLE estimator solves the EIC equation of the parameter Ψ(P ) for the restricted model where M and Y do not depend directly on A.
LetQ
can be estimated by predicted values from a regression of Y on M, Z, W among those with S = 1.
Next, we update that initial estimate using the weights
which are approximated withĤ n (M, Z, W, S).Q 
. Next, we estimateQ 0 Z,n (a, W, S) by regressingQ * M,n (Z, W, S) on A, W, and S, and getting predicted values setting A = a. We then update this initial estimate using a second set of weights,
in a weighted logistic regression of logit(Q * M,n (Z, W, S)) with logit(Q 0 Z,n (a, W, S)) as an offset, intercept ǫ Z . ǫ Z,n is the MLE fit of intercept ǫ Z . The updated estimate will be notated
The empirical mean ofQ * Z,n (a, W, S) among those for whom S = 0 is the TMLE estimate of Ψ(P ). The influence curve approximation obtained by incorporating our updated model fits solves the empirical mean of the EIC equation (see Equation 4 in Section 6), replacing P with P * n defined byQ * Y,n (M, Z, W )),Q * M,n (Z, W, S),Q * Z,n (a, W, S), our known p A (A|W, S) and p S (S = 0), our regression fit for p M (M|Z, W, S), p Z (Z|A, W, S) and p S|W (S|W ), and the empirical distribution as an estimate of p W (W ). We denote this EIC D(P * n ). The TMLE updating step also decreases the empirical loss of the model fits. The variance of the TMLE estimate is the sample variance of the EIC approximation. The SDE, SIE, and their corresponding ICs and standard errors can be calculated as described in the stabilized IPTW estimator section. The conditions for consistency and asymptotic efficiency of this estimator are discussed in the appendix. 
Estimator not imposing exclusion restrictions
Y,n (M, Z, A, W ) =Q 0 Y,n (ǫ Y,n )(M, Z, A, W ). We then perform the stochastic intervention onQ * Y,n (M, Z, A, W ) via the compu- tationQ * M,n (Z, A, W, S) = Eĝ M |a * ,W,s [Q * Y,n (M, Z, A, W ) | Z,
Simulation

Overview
We compare finite sample performance of our three types estimators in estimating the transported SDE and transported SIE using simulation. For both TMLE and EE, we include the 1) versions that are efficient under the restricted model in which M and Y do not depend directly on A (henceforth TMLE efficient and EE efficient) and 2) versions that are more general in that they allow for the exclusion restriction not to hold but are inefficient under resetricted model M (henceforth TMLE general and EE general). We show estimator performance in terms of absolute bias, efficiency, 95% confidence interval (CI) coverage, root mean squared error (RMSE), and percent of estimates lying outside the bounds of the parameter space across 1,000 simulations. For calculating the efficiency and the 95% CI coverage, we use both the IC and 500 bootstrap replicates.
We consider two data-generating mechanisms (DGMs) within the structural causal model described in Section 2. The DGMs are detailed in Table 1 using the same notation as in Section 2.
Results
First, in Table 2 , we show results under correct specification of all models for sample sizes of N=5,000, N=500, and N=100 using DGM 1. Results using alternative DGMs were similar and are shown in the appendix. Table 2 shows that under correct parametric model specifications, all estimators result in consistent estimates with 95% CI coverage close to 95% for sample sizes of N=5,000 and N=500. Influence curve-based efficiency is close to 100% of the efficiency bound for both the efficient TMLE and EE estimators for all sample sizes. For the transported direct effect, efficiency is about 3 times the efficiency bound for the general TMLE and EE estimators and about 4 times the efficiency bound for the stabilized IPTW estimator. For the transported indirect effect, IC-and bootstrapped-based efficiencies are similar and close to the efficiency bound for the TMLE and EE estimators. The stabilized IPTW estimator has efficiencies about 70% larger than the efficiency bound. In the appendix, we review the theory underlying the empirical finding that the stabilized IPTW estimator is least efficient.
Performance of all estimators degrades with a smaller sample size of N=100. For this sample size, bias slightly increases, the estimates stray from the efficiency bound, and IC-based coverage generally decreases (though bootstrapping can recover some of this lost coverage by approximating the true variance of the estimator). Table 3 for sample size N=5,000. We consider: 1) misspecification of the Y model, 2) misspecification of the Y and Z models, 3) misspecification of the Y and M models, 4) misspecification of the Y and S models, and 5) misspecification of the Z, M, and S models. We use DGM 2 for misspecification of the Y model and misspecification of the Y and M models. We use DGM 1 for misspecification of the Y and Z models, misspecification of the Y and S models, and misspecification of the Z, M, and S models. Full results for misspecified models under more DGMs and various sample sizes are shown in the appendix.
As derived from the robustness properties proven in the appendix, we expect the TMLE and EE estimators to be consistent if 1) the Y model is correctly specified or if 2) the Z, M, and S models are correctly specified. The stabilized IPTW estimator will be consistent only in the latter case: where the Z, M, and S models are correctly specified. Note that we assume A is randomly assigned, so we don't examine misspecification of the A model. However, in cases where A is nonrandom, condition 2 above would change to require correct specification of the A, Z, M, and S models.
We see in Table 3 that, as expected, all estimators remain unbiased when the Y model is misspecified. Compared to the correctly specified case ( Table 2 , there is a slight reduction in efficiency, evidenced by efficiencies greater than 100% of the efficiency bound and slight overcoverage when using the IC as opposed to bootstrapping (Table 3) .
When the Z, M, and S models are misspecified, the TMLE and EE estimators also remain unbiased, as expected, but the stabilized IPTW estimator is no longer consistent, resulting in 0% coverage of the transported SDE (Table 3) . However, in this scenario, coverage of the TMLE and EE efficient estimators is anticonservative when using the IC, evidenced by efficiencies as low as 55% of the efficiency bound in for the transported SIE and coverage as low as 73%. This result is not unexpected-the EIC may no longer provide accurate inference under these misspecifications, because the misspecified models may bias the influence curve approximation. In this particular misspecified scenario, our influence curve approximation becomes a less variant mean-zero function of the observed data than our efficiency bound given by the true influence curve, causing poor coverage. In such instances of model misspecification, using the bootstrap can recover coverage (as long the fitting methods applied yield valid standard errors under the non-parametric bootstrap. For linear regressions, this is the case, but for data adaptive machine learning algorithms, such might not be the case (24)).
In the remaining model misspecifications shown in Table 3 , none of the estimators are guaranteed to be unbiased. In the case where the Y and M models are misspecified, all three estimators perform poorly in estimating both the transported direct and indirect effects. Performances of the EE estimators are particularly poor in terms of bias and inefficiency. The marked inefficiency may be due, in part, to estimates lying outsides the bounds of the parameter space. Indeed, we see that nearly 100% of the EE transported SDE estimates lie outside the parameter space. In contrast, even though the TMLE estimators solve the same influence curve, none of the TMLE estimates lie outside the parameter space, demonstrating its advantage as a substitution estimator. 
Conclusion
In this paper, we defined and identified parameters that transport stochastic direct and indirect mediating effects from a source population (S = 1) to a new, target population (S = 0). Identification of such parameters rely on the typical sequential randomization and positivity assumptions of other stochastic mediation effects (22, 25, 27) as well as a common outcome model assumption, described previously for transport estimators (20), which can be tested nonparametrically (12) . Such parameters enable the prediction of mediating effects in new populations based on data about the mediation mechanism in a source population and the differing distributions of compositional characteristics between the two populations. Thus, transport SDE and SIE parameters contribute to understanding the how and why interventions may work differently and/or have differing effects when applied to new populations. We proposed three estimation approaches for such effects: a stabilized IPTW estimator, an estimating equation approach, and a TMLE approach. For the EE and TMLE approaches, we describe a version of each estimator that is efficient under a statistical model with exclusion restrictions such that A does not directly affect M or Y , and another version that is efficient under a statistical model without those restrictions such that A can directly affect M and Y . The EE and TMLE estimators solve the EIC for a particular statistical model, which results in double robustness, meaning that they are unbiased if one either consistently estimates the Y model or Z, M, S models. The TMLE estimator has the additional advantage of staying within the bounds of the parameter space by virtue of being a substitution estimator. We demonstrated the finite sample advantage of staying within the parameter bounds in a simulation study; in a particularly challenging scenario, nearly all of the EE estimates were outside of the parameter space but the TMLE estimates stayed within bounds. The simulation study also demonstrated that, as expected, the stabilized IPTW estimator is less efficient than the EE and TMLE estimators under correct model specification and in many scenarios where models are misspecified.
We also saw empirical evidence that, even in cases where robustness properties guarantee estimator consistency, the EIC may no longer provide accurate inference when models are misspecified. If parametric models are used, as in our simulation, the bootstrap can be used to recover appropriate coverage in such scenarios. However, the bootstrap is not an appropriate strategy if data-adaptive methods are used in model fitting. An alternative approach is to target the nuisance parameters of the IC (e.g, g M , g Z , g S , etc.) in addition to the parameter of interest in a TMLE (3) . Applying such extra targeting the to TMLE estimators we describe here is an area for future work.
To facilitate use of these methods, we include commented R code for implementing them in the appendix.
The estimators we propose are limited in that they consider a stochastic intervention on mediator, M, that is assumed known and estimated from observed data. However, we plan to extend them to a true, unknown stochastic intervention in the future. Another limitation is that the parameters are only identified if one assumes a common outcome model across the source and target populations. There will be some research questions for which it is not possible to establish evidence for or against this assumption, as in questions about predicting a long-term outcome in a new population. However, when the research question instead focuses on establishing the extent to which mechanisms are shared across populations, and the full set of data O = (S, W, A, Z, M, Y ) is observed for both populations, one can empirically test whether there is evidence against such a shared outcome model (12) .
In the main text, we focused on transporting mediation estimates where an instrument, A, was statically intervened on and mediator M was stochastically intervened on. Moreover, we were primarily concerned with a statistical model that imposed instrumental variable assumptions such as the exclusion restriction assumption. However, we describe how each estimator can be easily modified to accommodate statistical models that do not impose instrumental variable assumptions, allowing for a direct effect of A on M and of A on Y . Extending our proposed estimators for data generating mechanisms that do not include an intermediate variable, Z is straightforward. Thus, our transport mediation estimators can be applied to a wide-range of common data generating mechanisms.
[ 
A Identifiability
Common outcome model across sites: E
The null hypothesis of a common outcome model may be tested nonparametrically (12).
This is akin to a two-time point longitudinal intervention where at the first time point, we statically intervene to set the treatment, A = a, and at the second time point, we stochastically intervene on the mediator, M.
Theorem A.1.
Proof:
The conditional expectations are well-defined due to assumption 1 above.
B Estimator derivations
B.1 Stabilized inverse probability of treatment weighted estimator
This estimator solves the estimating equation
is an estimate of the true H given by
To solve the estimating equation, we find an initial estimate, Ψ 0 n = P nĤn Y , i.e., the standard unstabilized IPTW estimator.
where our stablilized estimator is then Ψ
B.1.1 Efficiency
Theorem B.1. Assume
2. A2:Ĥ n andD n are in a P 0 Donsker class.
Let IC IP T W be the true influence curve or
times the empirical mean of the true influence curve. In this case, our standard error times √ n will converge to the standard deviation of IC IP T W .
√ n(P n − P 0 )D n converges in distribution to a normal distribution of mean 0 and variance equal to the true variance of IC IP T W . Thus, we must show
We can notice in Equation 9 that the first term is bounded above by C Ĥ n − H L 2 (P 0 ) for some constant C. By A2, the second term is o P (1/ √ n). By A1 the third term is also o P (1/ √ n).
Theorem B.2. The IPTW estimator's limiting variance under the assumptions of theorem B.1.1 is larger than that of the TMLE or EE under well-specified models, if the model is non-parametric. If we use the TMLE and EE incorporating the efficient influence curve for the restricted model, then these are even more efficient.
Proof: Let's assume the unrestricted model, M np . We project the IPTW influence curve onto the tangent space subspace,
, the T S component of the efficient influence curve for M np . We have non-trivial projections of IC IP T W onto T M and T A . Since the asymptotic variance of IC IP T W (O) is a sum of the variances of its orthogonal components, it must exceed that of the EE and TMLE estimators, and the proof is complete.
B.1.2 Robustness
The IPTW estimator requires all models for M, Z, A and S to be estimated at parametric rates in order to be consistent.
B.2 Estimating equation estimator
B.2.1 Derivation of efficient influence curve for model without exclusion restrictions
First we derive the efficient influence curve (EIC) for the less restricted case where A may directly affect M and Y . For more information on deriving an efficient influence curve in general, we refer the reader to a tutorial by Levy, 2019 (11) . We will also allow our treatment mechanism not to be known, which will have no effect on the derivation but means that the EIC is applicable in situations when treatment is not randomly assigned.
Theorem B.3. Consider a non-parametric model or semiparametric model with one or both the treatment and mediator mechanisms known (mechanisms for A and M). Consider the parameter defined by
where the expectations are taken with respect to P . Then the efficient influence curve is given by
Proof: The density factorizes as follows:
Our estimand, which identifies our parameter of interest (see Section 3 of the main text) is given by
We then take the pathwise derivative for a path along score, γ. We note that this derivative is unaffected by knowledge of the treatment mechanism, E[A | S, W ], or the mediator mechansim, E[M | Z, A, W, S], due to the estimand not depending on these models as well as the fact that scores, γ A and γ M are orthogonal (have 0 covariance) to γ Y , γ Z , γ W ) in the Hilbert Space L 2 (P ). This is why for a semi-parametric model where the treatment mechanism is known, the efficient influence curve will be the same as that for M np .
The first term in 13:
dv(y, m, z, x, w, s)
where
The reader may notice D * Y (P )(O) is not a mean 0 function of Y | M, Z, W because it also depends on the variable, A. Hence, it is not an element of the tangent space under the restricted model, M, that incorporates the instrumental variable exclusion restrictions as described in Section 2 of the main text, which is necessarily a proper subspace of L 2 (P ) for P ∈ M np . Therefore, D * (P )(O) has an extra orthogonal component in addition to the efficient influence curve under M, making its variance necessarily bigger than the lower bound under model M. This is why the estimators using D * (P )(O) (the EE and TMLE estimators) are not asymptotically efficient for model, M but are so for M np .
The second term in 13:
We substitutē
and since x represents the treatment, A, in the integrals above, we get
The third term in 13:
Thus the efficient influence curve is the sum of its orthogonal components:
B.2.2 Derivation of efficient influence curve for model with exclusion restrictions
Next, we derive the EIC for the model that restricts A to affect M and Y only through Z. Similar to the above subsection, we allow our treatment mechanism not to be known.
Theorem B.4. The efficient influence curve for our restricted model, where M and Y do not depend directly on A, is given by
Proof: We can note that our only task here is to project D * Y (P ), our component of the influence curve in T Y , onto the subspace of T Y given by
p Y S,r is the conditional density of ys given m, z, w and p M,r is the conditional density of m given z, w, s in the restricted model, i.e. we don't put the instrument, a, in those conditional statements as that is the model assumption. We remind the reader that a "bar" signifies the variable and all past variables as in,M = m, z, x, w, s.
Notice the following: 
Thus from 14 and 15
remembering we are integrating with respect to x and all else is fixed in the first integral All is fixed but x and ys in the second integral. Since I(s=1), ys = 1 and s = 1
use (14) and (15) for the 1st and 2nd integrals respectively:
And the proof is complete since the other components of the unrestricted model's influence curve will remain the same. The reader may note that
, so we need not perform any additional regressions for this restricted model.
B.2.3 Robustness
Here we derive the remainder term for the EE estimator. We first form an initial estimatê
Then we update this estimate by adding the empirical mean of the approximated influence curve. If we call our approximated influence curve,D EE n our estimating equation (EE) estimate is given byΨ
This then leads to a second order expansion
The behavior of R 2 determines the robustness of our estimator and conditions under which we can guarantee consistency and efficiency (8, 9) . Theorem B.5.
Where we substituted the following:
and f 7,0 = p S,0 (s = 0 | w) and dropping the subscript, 0, indicates the estimated counterpart. h i is a bounded function by the positivity assumption (see section 4) and thus the last inequality holds with a sufficiently large k.
The treatment mechanism (model for A) being well-specified makes term 4 disappear above. Clearly terms 3 and 5 only cancel if the models for M, Z and S also are well-specified.
Integrating terms 3 and 5, we get
If we add fractions and put everything in one integral we have:
h i is a bounded function by the positivity assumption (see section 4) and thus the last inequality holds with a sufficiently large k, completing the proof We conclude that a product of L 2 (P 0 ) norms between the bias in estimating the outcome model and the bias of the regression models for M | Z, W, S, Z | A, W, S, A | W, S and S | W must be such that the product converges to 0 in probability when multiplied by
must also converge to 0 in probability for the TMLE to be consistent and asymptotically linear with limiting variance that of the TMLE influence curve (efficient for the broader model including dependence of Y and M on A). Such conditions are guaranteed asymptotically when using the highly adaptive lasso to fit the regressions if the true regressions are of finite sectional variation norm and are left-hand continuous with right-hand limits (7).
To summarize, if the outcome model is misspecified then we need to correctly specify all the models M | Z, W, S, Z | A, W, S, A | W, S and S | W for the EE estimator to be consistent and asymptotically efficient. If we specify the outcome model correctly so that √ n Q Y −Q Y,0 L 2 (P 0 ) converges to 0 in probability, then clearly term 1 disappears by the Cauchy-Schwarz inequality, and we have to consider term 2, which disappears if
converges to 0 in probability. Thus if we correctly specify the regression,Q L 1 (Z, W ) | A, W, S, along with the regression for the outcome, then we need not specify any other model correctly to obtain a consistent estimator. If we correctly specify the outcome and misspecify the second regression,Q L 1 | A, W, S, then we need to correctly specify the treatment mechanism in order to be consistent.
B.3 Targeted minimum loss-based estimator
B.3.1 Derivation of efficient influence curve
The derivations of the EICs for the less restricted and more restricted models are given in subsections B.2.1 and B.2.2.
B.3.2 Robustness
For our TMLE estimator:
n , P 0 ) where P 0 is the true observed data generating distribution and P * n is the TMLE updated estimation of P 0 . Since the empirical mean of D * (P * n ) = 0 by virtue of the TMLE algorithm, we have
The robustness properties of the TMLE estimator are identical to the EE estimator, see Subsection B.2.3. Table 4 : Simulation data-generating mechanisms.
C Simulation
DGM 1 is intended to break when Y and M models are misspecified, especially. DGM 2 is intended to break when Y and Z models are misspecified, especially. DGM 3 is intended to break when Y and S models are misspecified, especially. 
